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Gauge theory of dislocations and disclinations for planar
elastic systems

V A Osipov

Joint Institute for Nuclear Research, Laboratory of Theoretical Physics, 141980 Dubna,
Moscow Region, Russia

Rece;ived 12 March 1992, in final form 16 July 1992

Abstract. Making use of the gauge approach we construct the continuum model for the
description of topolegical defects in planar elastic systems. The equations of motion for
defect systems in the presence of both dislocation and disclination fields are presented.
The exact vortex-like solution for static disclinations is obtained. The Schrodinger equation
in the presence of a static disclination vortex is studied. We show that electrons (holes)
can acquire a topological phase which depends on the disclination flux. When the interaction
between long-wave electron fields and acoustic waves is present, the electrons with E < Ep
are found to be localized. The scattered states (at E > Ep) acquire an additional phase
shift due to the deformation potential,

1. Introduction

At the present time gauge constructions play an essential role in the description of
different phenomena in condensed matter physics (see, e.g. [1]). One of the modern

trends is the gauge theory of dislocations and disclinations constructed first in a closed

form by Edelen and Kadié [2]. This theory enables us to describe the continuum elastic

media with continuously distributed topological defects in a self-consistent way.

According to {2], the space group G; that includes both the translations and rotations
in three space dimensions (G; = S0(3)>T(3) for d =3) can be considered as a gauge

group. The dislocation fields are associated with the inhomogeneous action of the

group T(3) whereas the disclination fields are associated with the inhomogeneous

action of the group SO(3). One of the basic concepts of the Edelen-Kadié (Ex) gauge

theory is the concept of the Yang-Mills minimal coupling theory.

The aim of the present paper is to construct the gauge model for planar elastic
systems with dislocations and disclinations continuously distributed in materials on
the basis of a direct analogy with the {3+ 1)-dimensional ek model. The gauge group
takes the following form in two space dimensions: G,=S80Q(2)>T(2). It should be
noted that the group SO(2) is Abelian instead of the non-Abelian group SO(3) for
d = 3. Two-dimensional problems play an important role in condensed matter physics.
Planar systems with topological defects are of interest in liquid crystals, polymers,
layered crystals, etc. In recent years, the defect-mediated melting in two dimensions
has been intensively studied (see, e.g. [3]). The lattice gauge model describing this
phenomenon was proposed first in [4] and studied in detail in [5, 6]. Besides, the
(2+ 1)-dimensional systems of relativistic field theory and condensed matter physics
are intensively studied due to fopologically non-trivial effects which can exist in two
space dimensions (see, e.g. [7]).
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As was proposed in our previous paper [8], there may exist an attractive possibility
for the solid state realization of the Aharonov-Bohm (AB) effect [9] in planar elastic
systems with disclinations. Namely, we have shown that electrons (or holes) in planar
elastic systems can acquire a topological phase if the disclination vortices are present.
The reason is that the topology of space changes in the presence of dislocations and/or
disclinations. As has been shown first in [10, 11], the topologically singular character
of dislocated crystals causes a new type of scattering process of electrons {phase-
dismatching effect). Moreover, it has been shown recently [ 12] that the effects of Berry’s
geometrical phase[13] can be observed in high-energy electron diffraction in a deformed
crystal lattice with a screw dislocation.

The plan of the paper is as follows. In section 2 the field equations for defect
dynamics in two space dimensions are constructed. In section 3 we study rotational
defects and an exact solution for static disclination vortices is found. The electronic
properties of planar elastic systems with defects are studied in section 4. For this
purpose we use the general approach developed in [14] where the electronic fields
were introduced in a gauge invariant form. We analyse the Schridinger equation in
an external field due to a static disclination vortex. We show that the wavefunction of
an electron interacting with a disclination flux acquires a phase change like that in the
AB effect. Note that in many respects there is a close analogy of this phenomenon with
the gravitational aB effect intensively studied at present (see, e.g. [15-17]). The role
of the interaction between long-wave electronic fields and acoustic waves is studied
in section 5.

2. The gauge model

We will start with the continuum Lagrangian of the elasticity theory that is invariant
under the inhomogeneous action of the gauge group G,. Note that it has the same
form as in (3+ 1} dimensions and can be written in the isotropic case as (see, for detall,

[2]):

L=L +L,+Ly (1)
where

L, =(pe/2)Bi8;B{— [A(Esa8*®Y+2uE,p8%8PPEcp]/8 (V)]
describes the elastic properties of the material,

Ly=~(5/2)8,DLk*k* D, (3)
describes the dislocations, and

Ly = —(5,/2) Fapg*'g" Fuu (4)
describes the disclinations. The strain tensor in (2) is determined to be

Eap= quaijé“aAa (5}
where

Bi=d.x'+ejx' Wt ¢, (6)

is the distortion tensor. In () 3,x' describes the integrable part of the distortion, the
second term arises from the inhomogeneous action of the rotation group SO(2), and
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the third arises from the breaking of homogeneity of the action of the translation group
T(2). The state vector x'(X°) = x'(X*, T) in (6) characterizes the configuration at time
T in terms of the coordinate cover (X*) of a reference configuration, W, are the
compensating gauge fields associated with disclination fields, whereas ¢, are associated
with dislocation fields. We have used here the same notation as in [2] adaptedto d =2,
The summation over repeated indices is assumed.

Tensors D%, and F, are determined as follows:

D;b=aa¢;_ab¢;+£}( Wa¢1’;— Wb¢£+Fabxj) (7)
and

Fab=aaWb_abWa' (8)
In (2)-(4) A and . are the Lamé constants, p, is the mass density in the reference
configuration, s, and s, are the coupling constants, e} are the generating matrices of
the group SO(2): ¢} is a completely antisymmetric tensor, 3 =1. In (4) the quantities
2* are given by g% = -85, g**=1/¢ and g =0for a # b, whereas in (3) k4% = -85,
k**=1/y and k*® =0 for a # b. The parameters { and y are two positive ‘propagation
parameters’ [2].

Let us write the Euler-Lagrange equations of defect dynamics. The variation of

(1) with respect to x' gives

830 — a0y = el(Wsp, — WAU'_;‘ + FabR;b) 9)
where the explicit expression for the stress tensor

ot =3858,(dcx’ + el Wex " + ¢L)(A87 6 P Epp +2us 8°CErs)  (10)

and the momentum

Pi=9035(33Xj+5iW3Xk+¢§)- (11)
In (9), R® is determined as follows:
R?b = 3L/3Dilb = _515ijkackbd[3c¢§ “ad¢‘:+ Sfc( "Vcﬁbﬁ‘ - Wd‘f-’:f) + E{;chxk]- (12)

Note that (9) are the equations of balance of the linear momentum. When W, are
equal to zero (pure dislocated material), (9) are reduced to the form 4,0 =a;p; well
known in classical elasticity theory.

The Euler-Lagrange equations in ¢ are

3.RP—e,W,R¥=2]/2 (13)
where R? is determined above, Z°=4L/8B’,, and
Zi=—of Zl=p,. (14)
The variation with respect to W, gives
3. (G™ +&]RFx)=T"/2 (15)

where G*® =3L/3F,, and T*=(3L/3 Wole.,-
Additionally to the Euler-Lagrange equations, we write here an important relation-
ship between dislocations, disclinations, and stresses

T =e)(Z{x’ +2R"$1) (16)
and the integrability conditions
gjof By=0 (17)
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which determine the balance of the moment of momentum, As was shown in [2], two
types of the boundary conditions may be written for field equations: (a) the Dirichlet
data (traction-free spatial boundaries), and (&) the homogeneous Neumann data (zero
initial and final momentum). Let us note also that the theory [2] has been constructed
50 that non-exact gauge conditions must be satisfied. Namely,

X°L=0 X°W,=0. (18)

Finally, we have constructed in this section the field theory for defects in planar
elastic systems. It is clear that field equations given above are a system of coupled
nonlinear differential equations which is very difficult to solve in the general case.
However, in three space dimensions we have found an exact monopole-like solution
for static disclinations [18]. Since a vortex is in many ways a planar analogue of the
monopole, we hope to find an exact vortex solution in a planar case.

3. Reotational defects (static case)

Rotational defects are known to play an important role in defect materials (see, e.g.
[19]). Let us consider the disclination Lagrangian L= L,+ L, where the dislocation
fields &% are to be ignored from the beginning. In this case, the Buler-Lagrange
equation (13) should be eliminated whereas (9) and (15) can be rewritten as follows:

3.G® =15;Z %’ (19}
and
3,28 =elZ{W,, (20)

Note that this self-consistent system of equations is similar to that obtained within
the (2+1)-dimensional scalar electrodynamics (the Abelian-Higgs model). In our case,
however, we have the high-derivative terms (strongly nonlinear) instead of nonlinear
(¢*) terms for the scalar field. A possible way to study field equations (19) and (20)
is the linearization procedure developed in [2]. For our purposes, however, we need
non-perturbative solutions which are important in a study of topologically interesting
effects.

Let us choose the static vortex-like ansatz for (19) and (20). Namely, in cylindrical
coordinates (r, 6} we set

x(X*)=F(r) cos v8 x{X*)=F(r)sin v6 (21)
and
W(X®)=0 Wo(X By = W(r) W;=0 (22)

where r = X" X,,. Note that the substitution of (21) and (22) into (19} and (20} results
in very tedious equations for F(r) and W(r}; we omit them here. However, after the
choice W(r) = p/r these equations become essentially simpler. It is clear that with this
choice W{r) turns out to be a pure gauge but it is a topologically non-trivial solution.
In this case, the disclination current is found to be normal to the plane. The strength
of this current is determined via the Frank vector e which has a form e = (0,0, @)
where rot W = »8%(r). Note that in many aspects disclination vortices have a close
analogy with the well known magnetic Abrikosov-Nielsen-Olesen vortices [20, 21].
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One can find that both sides of (19) turn out to be zero for our choice of W{r)
whereas (20) may be reduced to the form

= 148"~ Bg(r)] =~ [48°() - Bg()]. e5)

After integration this equation is found to be
|Ag’(r}— Bg(r)| =go/r (24)

where g(r)=dF(r)/dr, A=1/2+pu, B=A+u and g, is an integration constant. It
should be stressed that this equation is almost the same as in the three-dimensional
case for the disclination monopole [18]. The dimensional scaling, however, takes place.
Namely, the characteristic behaviour of all physical values for planar vortices becomes
like 1/r instead of 1/r* in three space dimensions for the disclination monopole. For
example, components of the stress tensor o, are found to be oy = g, cos »8 cos 6/ r
and o =g, cos v8 sin 8/ r. The solution of (24) is obtained in the following form:

g:{1) = N, coshf} cosh™(1/t)] r<1

g:(t)=— Ny cos[:cos ' (1/¢) +iwm] t=1 (23)

g(t)={

where N,=2(B/3A)"/? and the universal dimensionless parameter ¢ =r/r, is intro-
duced. By analogy with [18] the region of the core of disclination vortex is clearly
established, r,=(27g2A/4B%)"? defines the core radius. The analysis of (25) shows
that the function F(#)} tends to a constant, F, when r- 00, whereas the disclination
fields W, tend clearly to zero as 1/r. Thus, the solutions (19) and (20) satisfy the
Dirichlet data for ¥’ and the homogeneous Neumann data for W,. It should be noted
that equation (24) contains three real roots in the region ¢= 1. One can easily check,
however, that two other solutions of (24) tend to a non-zero constant when ¢t -0, In
this case, F(f) tends to infinity at ¢ - co. It is clear that these solutions must be omitted.
It is interesting to note that the value of F is calculated directly from (24), i.e. only
via the model parameters. In the Higgs models this parameter, which characterizes the
spontaneous symmetry brezking in a system, was introduced as an additional parameter
of the model. The characteristic behaviour of g(r) and F(r) is shown in figure 1.

3.0

20F

Figure 1. The functions F,(t)=F(t)/ Nyr, (solid
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-1.0 line} and g,{1)=g(t)/ N, (dashed line) are pre-
0.0 1.0 2.0 30 40 50 60 7.0  genred. The point t=1 (r=r,) corresponds to the
t disclination core radius.
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4. Electronic properties

To investigate electronic properties of materials with continuously distributed disloca-
tions and disclinations, we have proposed in [14] a self-consistent approach. Within
this approach the electronic fields are introduced in a gauge invariant form. For this
purpose, we have used the effective mass and deformation potential theories and
constructed the continuum Lagrangian that is invariant under the inhomogeneous
action of group G;. It was shown that primary free electrons turn out to interact with
disclination fields. The interaction of electrons with dislocations appears only via the
deformation potential. In three space dimensions, we have found that this theory gives
the known results for screw dislocations [22]. Let us consider here the two-dimensional
problem in detail.

In the framework of the effective mass approximation the effective Lagrangian for
the one-particle electron wavefunction () takes the following form:

L, =Hi#a[¢" (1) D3 (r) = (D™ (N (r)] = (B / m*) [ Daty™ (1) D4 (1)1} (26)
where D i(r) = (8, —1W,)&(r) is the covariant divergence and m* is an efiective
electron mass. Here we have used the complex representation for () (recall that

SO(2)=U(1)). The stationary Schrodinger equation in the effective mass approximation
can be written as

= (#%/2m*)(04—1Wa) tye (r) = Ege (r). (27)
Obviously, this equation should be added to a system of field equations for defects
presented in section 2. It should be noted, however, that the self-consistent analysis
of these equations is a very difficuit problem. We will study (27) by considering
disclination fields as external fields, Let us consider the disclination vortex (22). In

this case we get the well known equation describing a charged point particle interacting
with a point vortex [23]

—(#*/2m*)(V —1vV 8)*Pe(r) = Epe (r). (28)
Here we have used the fact that (20} can also be written as W{r)=(w/27)V48. As has
been shown [23], the solution of (28) has to be taken in the form iz (r) =e'*?y2(r, 6).
In this case (28) is reduced to the free equation with the wavefunction obeying a
non-trivial boundary condition, $3(r, 27) =e ™3 (r, 0). Thus, a topological phase
(a kind of Berry’s phase) arises which depends on the disclination flux. As has been
shown in [8], it results in the additional scattering of electrons thus changing the
transport characteristics of disclinated materials. In particular, the relaxation time was
found to be proportional to sin™” 7v in the presence of disclination vortices. Note that
such an oscillating behaviour is peculiar to the AB effect.

It is known (see, e.g. [24]) that there are no restrictions on the value of » apart
from v>—1 for topological reasons. In real elastic systems, however, disclinations
with small values of the Frank index » (v =w/27) are energetically preferable. It is
of interest that in crystals the values of » must conform to the point symmetry group
of the underlying lattice. Namely, if we have the axis of m-fold symmetry, then the
available values of v are equal to » =k/m where k is integer and fixes some restriction
from above [24]. Thus, we conclude that the available values of » in crystals are in
fact ‘quantized™: » =%, 1, },.... For integer values of » the disclination vortex will
have no influence on the topologically-indiced resistivity. It is important to note that
the results obtained in this section are formally equivalent to those for the electromag-
netic AB effect. In fact, we have considered here only the topological part of the
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interaction. In the next section we will study the interaction of electrons with the
lattice. As we shall see, this interaction is very important and can essentially affect the
topological effect.

5. Deformation potential

In most of the real systems the interaction between electrons and acoustic waves should
be taken into account. This problem can be studied in the framework of the deformation
potential theory. In the isotropic case, the deformation potential is defined to be
W,(XS)=—(G/2) Sp E4p(X ) where G is the interaction constant. Thus, the interac-
tion Lagrangian takes the form

Lige=—4" (1) Wy (n)¢(r). (29)

The interaction constant G can be estimated analogously to the three-dimensional case
(see, e.g. [25]). Namely, the Fermi energy is determined in two space dimensions as
Ep=2mwh*p/gm*, where p (p = N/S} is the (surface) density of conducting electrons
and g denotes the degeneracy of electron levels. The change of the Fermi energy due
to a deformation can be written in the form 8Ep=—(AS/S)}Eg. On the other hand,
the change of § can be expressed via the strain tensor: AS/S =3 Sp E,p. Supposing
that the electron dispersion E{k, E,5)= E{k)—(G/2) Sp E45 keeps the same form up
to the Fermi energy, one can estimate that & = Er. Taking into account the interaction
term we rewrite the Schridinger equation (28) in the form

14 4, G- mG
( rdrrdr+ r? #’

Sp EAB) wh(r) = KPul(r). (30)

Here we have used the ansatz ¢=(r) =3, ul(r) ¥°/V27, j=0, £1, £2,...; and kK*=

2m*E/#>. For the vortex solution (19) and (20) we find that Sp E,p = g*(r} — 2 where

g(r) is determined by (25). It is beyond the scope of our paper to study (30) in detail.

We are interested here only in qualitative results. Let us rewrite the potential of (30)
in the form {cf [14])

U—{EF_K‘ cosh®[3 cosh™'(1/ )]+ Ko/ £ 1<t 31)

E-—K, cosi [ cos™(1/t)+ix]+ K,/ 12 t=1 (

where K,=DEg and K,= K,(j}=(j—»)*h%/2m*r3 are positive dimensional para-
meters, D=2B/3A=4(A+pu)/3(A+2u); clearly, 3<D=% The characteristic
behaviour of (31) is as follows: for £— 0 the third term in (31) tends to infinity as ¢™>
whereas the second term diverges as —¢~%*, For ¢t 1" one obtains U~ Ez+ K,~K;;
for t=1", U- Ep+K;—K,/4. For t» both terms in (31) tend to zero as ¢ . Asa
result, we have two possibilities for large . Namely, for t >0 U{z) may tend to Er
both from above and from below. To analyse (31), it is convenient to use the substitution
cosh3p =1/t for =<1 and cos 3¢y =—1/t for t = 1, respectively (see [26]). In this case
we get

Ee— K, cosh® ¢+ K, cosh? 3¢ <=0

Ex— K, cos® i+ K, cos” 3¢ w/3sysx/ (32)

U= U(¢,¢>={
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Let us study the core region, £=< 1. It is useful to introduce the parameter ¢ = K, /6K, =
2wpDri/3g(j—v)’ A simple analysis shows that in the core region the curve U(¢)
will cross the axis E = Er when & = £ For & =3 we have found that /() has a minimum
at the point determined by the condition cosh® @, =3+ [(1+2a)/16]"% The depth
of the potential well is found to be

|Uo|= K\[6a ~1+(142a)*?]/12a. (33)

When o increases, the depth of the potential well rapidly increases as well and can
reach the region E <0 at & = o, where a,~3.2 for D=1,

Consider now the region 1= 1. The analysis shows that for < a =% the curve U(t)
crosses the axis E = Eg. At a <3 the point U(1") lies above this axis whereas at a > £
it lies below and tends to Eg for 7+ from below. The characteristic behaviour of
the potential is shown in figure 2. One can see that for E < Ep electron states are
localized (basically in the core region). The scattered states (E > Ep) will acquire the
additional (to the topological) phaseshift due to the deformation potential. In the
general case, the value of this shift can be determined by a careful analysis of (30).
In particular, when prj<« 1, the deformation potential is found to be small. In this
case, the perturbation theory can be used, and an additional phaseshift is calculated
to be small as well. Thus, even at the high epergy (E > Ep) an electron can ‘see’ the
lattice via the additional phaseshift. When the electron density is increased
the additional phaseshift becomes considerable and can, in principle, compensate the
topological phase. It will reflect in the resistivity properties of the material. The
experimental verification of this prediction would be very interesting.

2.00 ¢
150 |
— toof
= o [
@D i K’“.-
—t [
- 050 |
L 1
0.00 F ———— b
A Figure 2. The effective potential (31) is shown.
C The parameter set is used; D=1, j=0, y=
—050Laa 2 e a1y | T SN ST D T N T 2 | 0.25, m*=0,5MBV, fo=ﬂg,ﬂo=3-8A, p=
0.00 1.00 200 3310 cm™, g=2, so that K,=E-=08 eV
t and K, =0.0168 eV.

In conclusion, in the framework of the gx gauge theory of topological defects
rewritten for planar elastic systems we have established that rotational defects can
affect the electronic properties of elastic materials. Namely, the wavefunction of a
conducting electron is found to acquire the topological phase in the presence of the
disclination vortex, which results in disclination-induced resistivity of materials with
a specific oscillating behaviour. In our opinion, the experimental study of this effect
in layered materials would be very important.
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